TECHNICAL
TECHNCAL g 12

4 I
Temperature field due to time-dependent
heat sources in a large rectangular grid

- Derivation of analytical solution

Johan Claesson, Thomas Probert

Depts. of Building Physics and Mathematical Physics,
Lund University, Lund, Sweden

January 1996

SVENSK KARNBRANSLEHANTERING AB
SWEDISH NUCLEAR FUEL AND WASTE MANAGEMENT CO

P.O.BOX 5864 S-102 40 STOCKHOLM SWEDEN
PHONE +46 8 665 28 00
FAX +46 8 661 57 19



TEMPERATURE FIELD DUE TO TIME-
DEPENDENT HEAT SOURCES IN A
LARGE RECTANGULAR GRID

DERIVATION OF ANALYTICAL SOLUTION

Johan Claesson, Thomas Probert

Depts. of Building Physics and Mathematical Physics,
Lund University, Lund, Sweden

January1996

This report concerns a study which was conducted for SKB. The conclusions
and viewpoints presented in the report are those of the author(s) and do not
necessarily coincide with those of the client.

Information on SKB technical reports from1977-1978 (TR 121), 1979

(TR 79-28), 1980 (TR 80-26), 1981 (TR 81-17), 1982 (TR 82-28), 1983
(TR 83-77), 1984 (TR 85-01), 1985 (TR 85-20), 1986 (TR 86-31), 1987
(TR 87-33), 1988 (TR 88-32), 1989 (TR 89-40), 1990 (TR 90-46), 1991
(TR 91-64), 1992 (TR 92-46), 1993 (TR 93-34), 1994 (TR 94-33) and 1995
(TR 95-37) is available through SKB.



TEMPERATURE FIELD
DUE TO TIME-DEPENDENT
HEAT SOURCES IN A
LARGE RECTANGULAR GRID.

I. Derivation of analytical solution.

JOHAN CLAESSON

THOMAS PROBERT

January 1996

Depts. of Building Physics and Mathematical Physics
Lund University, Sweden

Keywords: Temperature field from heat sources, rectangular grid, time-dependent three-
dimensional analytical solution, superposition, nuclear waste repository in rock, canister
temperature.



Contents

Abstract/Sammanfattning

1

2

Introduction
Thermal problem
Superposition

Global solution for rectangular heat source

4.1 Superposition . . . . . . .. ...
4.2 Quadrantal solution . . . . . .. .. .. ... L oo
4.3 General globalsolution . . . .. ... ... .. ... ... .. .. ...
4.4 One-dimensional solution . . . . . . .. ... .. .. ... . ... .. ...,
4.5 Exponential heat release . . . . .. .. ... ... .. .. 0 L.
4.6 Global temperature at central canister . . . .. .. .. .. ... ......
Local solution for an infinite grid of heat sources

51 Planeheatsink . . .. . ... . . ...
5.2 Line heat source froma canister . . . . . .. .. .. .. 0000
5.3 Point sources alongaline . .. ... ... ... .. ... ...
5.4 Infinite grid of point sources . . . . . . ... .. ..
5.5 Line of two-dimensional point sources . . . . . . .. . ... ... ... ..
56 Total local solution . . . . . .. .. .. ... .. . ... .
5.7 Canister temperature . . . . . . .. .. ..o

Total temperature field
Formula for canister temperature

A numerical example

8.1 Global temperature . . . . . . . . . .. .. L. e
8.2 Canister temperature . . . . . . .. .. ...
References

14
14
14
15
17
18
19
21

21
22

22
23
23

31



Abstract

The temperature field in rock due to a large rectangular grid of heat-releasing canisters
containing nuclear waste is studied. The solution is by superposition divided into different
parts. There is a global temperature field due to the large rectangular canister area, while
a local field accounts for the remaining heat source problem.

The global field is reduced to a single integral. The local field is also solved analytically
using solutions for a finite line heat source and for an infinite grid of point sources. The
local solution is reduced to three parts, each of which depends on two spacial coordinates
only.

The temperatures at the envelope of a canisters are given by the global and local
solutions. The local part is here represented by a single thermal resistance, which is given
by an explicit formula.

The results are illustrated by a few numerical examples dealing with the KBS-3 concept

for storage of nuclear waste.

Sammanfattning

Temperaturfaltet i berg fran ett stort rektangulart falt av virmeavgivande kapslar, vilka
innehaller radioaktivt avfall, studeras. Losningen uppdelas genom superposition i olika
delar. En global del avser virmeavgivning over en rektanguldr area, medan ett lokalt falt
tar hand om lésningen for det resterande varmekallsproblemet.

Det globala filtet kan reduceras till en enkelintegral. ‘Det lokala faltet erhalls ocksa
analytiskt genom superponering av l6sningar f6r en andlig linjekilla och for ett oandligt
rutnit av punktkallor. Den lokala 16sningen bestar av tre delar, vilka ar funktioner av
enbart tva rumskoordinater.

Temperaturen pa kapslarnas yta ges av global och lokal 16sning. Den lokala delen re-
presenteras hir av ett enda termiskt motstand, vilket ges av en explicit formel. Losningen
illustreras med nagra numeriska exempel med data fran KBS-3-konceptet for lagring av

karnavfall.



1 Introduction

In the KBS-3 concept, nuclear waste from the Swedish nuclear power plants is put in
some six thousand canisters, which are buried in solid rock at a depth H of 500 m below
the ground surface. See Figure 1. The canisters with a height H. of around 5 m and
the diameter 2R, ~ 0.8 m are placed in boreholes below parallel tunnels at a spacing
D of some 6 m. The distance D’ between the tunnels is some 25 m. The nuclear waste
repository consists of canisters in a large, rectangular grid. The total area of the rectangle
with the side lengths 2L and 2B is almost 1 km? (6-25 - 6000 m?). Each canister lies at
the center of a small rectangle with the side lengths D and D', Figure 1, right.

S —/__ tunnel

/ .
/ N canister

Figure 1: Rectangular grid of canisters according to the KBS-3 concept. The right-hand
figure shows an internal part with tunnels and canisters in greater detail.

The canisters release heat due to radioactive decay in the nuclear waste. This heat
release per canister, Qo(t) (W), decreases with time in a wellknown way. We will use
a sum of a few exponentials with different decay times to represent the function Qo(%).
The heat release from all canisters creates a complex three-dimensional, time-dependent
temperature field in the ground in and around the repository.

The temperatures near canisters are a major design parameter. The maximum temper-
ature is of particular interest. The large-scale field influences potential water movements
in cracks and fissure zones in the rock. It also creates a thermal stress field in the rock.
The temperature field around an internal canister has been studied numerically in Thun-
vik, Braester (1991). Thermal stresses and temperature fields are studied in Israelsson
(1995). Here, the solution for point sources at the center of each canister is summed
directly.

The aim of this study is to derive analytical solutions for the temperature field. The
large-scale and long-time behaviour is one main interest. The analytical approach is
used with the aim to gain a physical understanding of the various processes and their
interactions. The second main interest is to obtain as simple formulas as possible for the
canister temperatures. A third aim is to describe the local field around a single canister
in an as lucid way as possible.

This paper deals mainly with derivation of the solution with its various components.
The results will be applied to the KBS-3 case in a second report. The thermoelastic
problem using the global temperature solution is studied in the parallel report, Claesson,



Probert (1995). The corresponding problem of the thermoelastic response to a single,
finite line heat source is studied in Claesson, Hellstrém (1995).

2 Thermal problem

The canisters lie in the rectangle —L < z < L, —B < y < B, z = 0, and the ground
surface lies at z = H. There is an undisturbed ground temperature with an annual
variation in the top few meters and a certain increase downwards due to the geothermal
gradient. Our temperature field T(z,y, z,t) due to the heat release from the canisters
is the temperature above or superimposed on the undisturbed temperature field. The
undisturbed temperature at the level of the repository is T;.,0. The total temperature at
z=01is then T(z,y,0,t) + Trepo-

The top layers near the ground surface is of no importance for our thermal process
initiated at a depth of some 500 m below. We have by assumption a homogeneous ground
—00 < z < H with the thermal conductivity A (W/(m-K)) and volumetric heat capacity
pc (J/(m*K)). The thermal diffusivity is a = A/(pc) (m?/s). The excess temperature
satisfies the heat conduction equation:

2 2 2
l@_T=5T+3T+3T+Q(z,y,z,t) 1)
a0t 0z Oy? 022 A
Here, Q(z,y, z,t) represents the heat sources at the canisters. The temperature at the
ground surface is zero, since we consider the temperature above undisturbed conditions:

T(z,y,H,t)=0 (2)

The heat release from each canister is Qo(t) (W). The canisters lie in a rectangular

grid:

@ =Qo(t) at (z,y,2)=(mD',nD,0)

—L<mD' <L —-B<nD<B (3)
The grid points lie within the repository rectangle when the integers m and n satisfy the
above inequalities. Actually, the heat release is distributed over the canister height H.:

Q=Qo(t)/H. (W/m) over —H./2<z<H.[2 (z=mD"y=nD)(4)

We will use this more precise heat source for the local temperature field near a canister,
while all other canisters are represented by point heat sources Qo(t) at the canister grid

points in the plane z = 0.
The heat release may be represented by a few exponentially decaying components. We

will use two components:
Qo(t) = Qre™% 4+ Qae™2 (W) (3)
We will in this study give a few numerical examples. The following data from the
KBS-3 concept will be used:

L =500 m B =500 m H =500 m

D=6m D'=25m Trepo = 15 °C

A=3.5 W/(m-K) pc=2.16-10° J/(m3-K) a=162-10"% m?/s

Q. =T750 W t, = 46 years H.=5m

@, =250 W t, = 780 years R.=04m (6)



3 Superposition

Our temperature field is generated by a complex set of heat sources which contribute in
different ways ( depending on time and distance) to the total solution. A main tool of
analysis is to use superposition. Qur problem is a linear one, which means that solutions
for different heat sources may be superimposed. Let @ = Q; + @2 be any division of the
total heat source field in two components, and let 77 and 7, be the temperature fields
caused by @Q; and Q,, respectively. Then the total field due to @ is the equal to the sum

of T; and T5:
T=T +T, (7)

The heat source Qo(¢) varies in time. Let Tj,4(z,y, 2,t) be the solution for the case
when a unit amount of heat is released instantaneously at time ¢ = 0 at all heat sources.
The temperature field due to (Jo(t) is obtained as an integral in time:

t
T(z,y,2,t) = /0 Qo(t)Tinst(z,y,2,t — t')dt (8)

This particular superposition is called Duhamel’s theorem, Carslaw-Jaeger (1957). The
amount Qo(t')dt’ is released in the interval ¢’ to ¢’ + dt'. The response to this at time ¢ is
Qo(t)dt - Tinsi(z,y,z,t —t’'). The integral over 0 < t' <t gives the total field.

Using Duhamel’s superposition, we have to calculate the temperature field for unit,
instantaneous heat sources released at ¢ = 0. The final solution is then obtained from the
above integral (8).

The distances D and D’ are small compared to L and B in the KBS-3 concept. We
may simplify the heat source distribution to a rectangular plane with the heat source
strength go(t) (W/m?):

1
qo(t)z%)l()/) over —L<z<L, —-B<y<B, z=0 (9)

Here, DD’ is the small rectangle around each single canister. See figure 1, right. The
rectangular heat source (9) gives the global temperature field valid at a certain distance
from the repository region. We first neglect the boundary condition (2) at z = H and
consider the solution for an infinite surrounding —co < z < oo. We will denote this
solution by Tyiins(2,y, 2,1).

The boundary condition at z = H is satisfied by adding a second rectangular heat
source —¢go(t) (W/m?) over —L < 2 < L, =B <y < B, z = 2H. Then we obtain the
global solution T,(z,y, z,t), (16).

Our exact remaining problem is now to have the original canister heat sources and
subtract the rectangular heat source (9). Now, the net heat release for each canister and
its surrounding small rectangle with the area DD’ is zero. We have a balanced heat source
problem. See Figure 2.

The thermal range of this balanced heat source field will be limited to a distance, say,
2D’ (D’ > D) from the repository rectangle. Except for canisters near the rim of the
repository rectangle, we may consider the canister grid with its balanced heat sources as
infinite in z and in y. Our results will be valid for interior canisters. With this assumption,
we now have an infinite grid of canister heat sources and a balancing surface source at

z=0:



Qo(t) at z=mD', y=nD m=0,%+1,£2,... n=0,£1,£2,...

—qft) at z=0 —oco<z<00, —00<yYy<® (10)

° ° ® ®
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Q (1) (W)\/%V/ .

__.__’&\_

/ /
/ /

® ® ° °

Figure 2: Canister heat source Qo(t) and a balancing plane source —go(?), (9), over the
rectangular area DD’.

The variation of Qo(t) with time is quite slow in the KBS-3 case, since the lowest
time scale is ¢; = 46 years. The time-scale to attain steady-state conditions for constant
Qo = qo - DD’ in the balanced case (10) turns out to be a few years only. This will be
discussed further in the coming publication, where the solution is applied to the KBS-3
case. The solution to (10) will be a quasi steady-state one. We will here use the steady-
state solution derived for a constant heat source Qo at the canisters and a constant
balancing plane source —go. Our slowly varying solution is obtained by using the actual
Qo(t) ( and —go(t) ) in the steady-state solution.

Our balanced problem is reduced to a steady-state one. The next approximation is to
replace all line heat sources except the one at z = 0, y = 0 by point heat sources at the
plane z = 0. Our local grid problem now consists of a line heat source at the considered
central canister, an infinite rectangular grid of point heat sources and a balancing plane

heat sink at z = 0:
Line heat source: Qo/H. (W/m) at (0,0,2) —H./2<z<H,/2 (11)

Infinite grid: Qo (W) at (mD’,nD,0) m,n=0,%1,... (m,n)# (0,0)(12)

Plane heat sink: —¢qo = —ggl (W/m®) at z2=0 —-oco<z,y<oo (13)

Here, we use the steady-state solutions for constant Qo. The solution is then taken for
Qo = Qo(t) at the considered time.

4 Global solution for rectangular heat source

The global solution Ty(z,y,z,t) gives the temperature field from the rectangular heat
source (9) over the repository area:

q(t) = %Ogl) (W/m®) over —L<z<L, —-B<y<B, z=0 (14)



The temperature at the ground surface is zero:
Tgl(m’y>Hat) =0 (15)

The thermal problem for the global temperature is illustrated in Figure 3.

z
A
H- T=0at z=H

\K NS, (1) (#/m?)
QAW

AN
B

X

Figure 3: Thermal problem for the global temperature: Rectangular heat source, (14),
over the repository plane and zero temperature at z = H.

4.1 Superposition

The superposition principle is used to reduce our problem to simpler ones. Let the tem-
perature field for the rectangular heat source (14) in an infinite region —co < z < oo be
denoted Ty ins(z,y,2,t). The temperature shall tend to zero at infinity. The boundary
condition (15) is fulfilled by adding a negative mirror heat source at z = 2H. Then we
have:

ng(.’II, yazat) = Tgl,inf(l'yya Zat) - Tgl,inf(x>y7z - 2H7 t) (16)

Let Ty1inginst(2, Y, 2, ) denote the temperature field in an infinite surrounding, when a
unit amount of heat is released instantaneously at ¢ = 0. Using a Duhamel superposition,
(8), we have:

t
Tgl,inf(x’ Y,z, t) = /(; qo(t') . Tgl,inf,inst(x, Y, Z,t et t/)dt, (17)

4.2 Quadrantal solution

Our remaining problem is the following one. The heat +1 (J/m?) is released at ¢t = 0 over
the rectangular surface —L < z < L, =B < y < B, z = 0. The temperature field due
to this heat source involves the two lengths L and B. A similar problem without these
lengths is to consider the heat source:

1-sign(z)-sign(y) over z=0 at t=0 ‘ (18)



The heat 1 (J/m?) is released in the quadrants z > 0,y > 0, 2z =0 and z < 0, y < 0,
z = 0, while -1 (J/m?) is released in the two other quadrants z > 0, y < 0, z = 0 and
z <0,y >0, z=0. We will call this heat source distribution a guadrantal heat source.
Let Tyyaa(z,y,2,t) be the temperature field from the quadrantal heat source (18) in an

infinite surrounding.

We have, Carslaw-Jaeger, 1959:

vad (2, Y, 2,1) / dz’ / d 'Slgn((4 )Sig)r;/(z 00 [ R ) LS ) (19)
pc(dma

T,

q

or

T 1 z Y 1 5
ua AR t) = ¢ f erf . L p—Z /(40,'[) 20
g d(z,y,2,t) = e er ( —4at> < P—4at> v e ( )

Here, erf(z) denotes the error function:

e*ds (21)

erf(z

=k
The temperature field from the rectangular heat source is obtained from superposition
of four quadrantal solutions of the above type. This follows from the identity:

0.5 [sign(L — z) + sign(L + z)] - 0.5 [sign(B — y) + sign(B + y)] =

_J 1 Jz|<L and [y|<B (22)
~ | 0 outside the rectangle

The first factor in z is equal to +1 for |z| < L and 0 for |z] > L. The other factor has
the same behaviour in y. The product is equal to +1 for |z| < L and |y| < B, and it is
0 elsewhere. We get four products of the type sign(L + z) - sign(B £ y). Each of these
corresponds to a solution 7j,qq With z replaced by L 4+« and y by B - y.

The temperature field from the instantaneous rectangular heat source in an infinite

surrounding is then:

Tptinfinst(T,Y,2,8) = 0.25 [Tyued(L — 2,B — y,2,t) + Tguaa(L — 2, B + y, 2, 1)
+ Tquad(L +z,B-y, Zat) + Tquad(L +z,B + y’zvt)] (23)

Here, Tyyqq is given by (20).

4.3 General global solution
Combining (16), (17) and (23), we have the following integral for the global temperature:

1 L—-z L+z
Tal(z,9,2,1) = /4/16\/_ V4alt - t/) [erf( 4a(f*t’))+erf( 4a(t—f’))}

erf (=B ) ot [ BEY [ _ o2 a0 gy (20)
talt —0) ta(t— 1)




The last factor involving z ensures that 7, is zero for z = H. The products of error

functions in z and y correspond to the identity (22).
The remaining problem is to evaluate the above integral for any particular go(?).

Normally, this must be done numerically.
An alternative expression for the global temperature is obtained from the variable

substitution:
=1

- t—t' =tps® dt' = —2tpsds (25)
0

S =

Here, t, is any (positive) time. The integral (24) becomes:

! /ato v/t/to ) L—z L4z
Ty(z,y,2,t) = oV 7 '/0 qo (t—-tos) [erf( ~/4ato) +erf (s\/llato)]

: {erf (B———l) + erf ( Bty )} . [e"z/(SQ‘*“t") - e‘(z_zH)Q/(324“t°)] ds (26)

4.4 One-dimensional solution

In the KBS-3 application, the heat source is a rectangular surface with large horizontal
extensions. The temperature field within the rectangle above and below the repository is
then essentially vertical during a first time period except for a region near the perimeter

of the rectangle.
Consider the integral (24) at a certain time t. The arguments of the error functions

determine the z- and y-dependence. A few values of the error functions are:
erf(1) = 0.84 erf(1.5) =097 erf(2) =0.995 erf(2.5) = 0.9996 (27)

The error functions may be replaced by +1 when the argument exceeds, say, 1.5. The
smallest arguments occur for ¢’ = 0. For example, we have:

erf _Loz ~1 for z<L—-3-Vat (0<t <) (28)
4a(t — 1)

For points = and y lying inside the rectangle with the margin 3v/at, we get from (24):

t qo(tl) 1 — 2 Yy IO 2 !
T t) = . . 22 [(4a(t—t")) _ _—(2—2H)?/(4a(t-t")) dt’
gl(m, Y,z ) o pc\/7_r /——4a(t — t') [e € ]

lz| < L — 3Vat |y1<B—3\/H (29)

This is actually the one-dimensional solution in z for a heat source go(t) at z = 0 and a

mirror source —¢o(t) at z = 2H.
The mirror source may be neglected during a certain first period. The criterion for

this is determined by the ratio between second and first exponential integrals in (29):

e—[(z—ZH)2—22]/(4a(t—t’)) — o~ H(H=2)/(a(t=t")) < e~ H(H~-z2)/(4at) < 0.03 (30)
The inequality is fulfilled for

10



H(H — z) > 3.5at (31)

This means that the mirror source is negligible at or near z = 0 for times H > 2v/at.
The global temperature is given by the plane heat source go(t) at z = 0, when z,y, z
and t satisfies the conditions:

lz| < L —3Vat |y| < B+3Vat H(H - z)> 3.5at (32)

The global temperature is then from (29):

tl
Tg[($, Y,2, t) qO( ) _22/(40 =t dtl (33)

pr/_,/4a t— )

In particular we have for z = y = z = 0 from (32-33):
(1) 2 B H?

T,(0,0,0,t) / P
ail pc\/_ /4a( t—t’ 9a’ 9a’ 3.5a

Using the substitution (25) or starting directly from (26), we have the alternative expres-

sion:
ato t/to L? B? H?
— B 5
T,1(0,0,0,t) = ,/ / (t —tos?) ds 1< 550352 (35)

4.5 Exponential heat release

(34)

A major application is the case when the heat release go(t) decreases exponentially, (5).
We have for a single exponential component:

o) =6 0= (36)

We use the integral (26) with to =1;. We get:

ql ﬂl_/vt/tl —t/t1+32 L—.T L+$
Tgl,l(xay72>t) 4)\ w o € erf S\/@Tfl + erf S\/M

[ B— Yy B+ Yy 2/(s2 2 /(2
. £ [ —2%/(s%4aty) _ _—(2—2H)?/(s%4at1) d 37
{er (5 _4at1> + erf (3\/4_E>} {e e } s (37)

This integral must in general be evaluated numerically.
The heat source may consist of a sum of exponentials:

LN gt g
t) ;qle % =5 (38)

Then the global temperature is a sum of integrals of the type (37):
Tu(z,y,2,t) = Z wi(Z,Y,2,1) (39)

In the one-dimensional solution, the error functions of (37) are replaced by +1. We
have for z and y within the heat source rectangle with the margin 3+/at:

11



Tgll z,y, 2, t \/atl / f/t1+s2 . [e~z2/(s24at1) _ e—(z—QH)Q/(s"’ziat;)} ds
lz| < L —3Vat  |y| < B—-3Vat (40)

When the mirror source also is neglected we get:

@ [at et/ / e e/ (s%4at1) g (41)
4]

Tgl,l(xayaz7t)=j\- T €
lz| < L-3Vat |y|<B-3Vat 3.5at < H(H — 2)

4.6 Global temperature at central canister

We are particularly interested in the highest canister temperatures. These temperatures
occur at the center (0,0,0). The global temperature 7,(0,0,0,t) is of particular interest.
The general expression for any go(t) is from (26):

T,(0,0,0,¢) = \/Et'(’/ e go (t — tos?) - exf (S\/%t_())
) {1_ - (2 >} ds (42)

f| ——
er (s\/élato

In the one-dimensional case, when the mirror source may be neglected, we have from (35):

aty [/t I? B? H?
t t—t ds t e 4
T(0,0,0, \/ / o (t = to5”) < 9a’ 92’ 35a (43)

The general formula for the exponential decay, (36), becomes by putting ¢, = ¢; in
(42):

ql ) —t/tl . V t/tl s2 . L .
T,1(0,0,0,t) = TV e /0 e” -erf Y
erf ( B ) [1 — e H( “t‘)} ds (44)

sv/4aty

In the one-dimensional case without mirror source we get:

t /t/t1 L2 BZ H2
Tua(0,0,0,8) = 2/ S e, [V eas 1o e = (45)

The integral of exp(s?) is given by Dawson’s integral F'(7), Abramowitz, Stegun (1964):
Flr)=e / " e ds (46)
0

Tables for the integral is given in the above reference. The first three terms of the series
expansion in 7 is:

F(r)~r1— 273 + —1%73 (r <0.8) | (47)

12



0 1 2 3 4 5 6 7 8 9 10
Figure 4: The Dawson function Fp(t') = F(V/?), (51).

These first three terms give the value F(7) with an error below 3% for 0 < 7 < 0.8. The
function has a maximum:

Frez = 0.541 for 7=10.924 (48)
For large 7, we have the asymptotic expansion:
1 1 3
F(T)_;(wé—;u—g) . (49)

The error for 7 > 2 is below 3%.
Actually we need Fp(t') = F(\/t'). We have from (45) the basic formula:

L* B* H?

at
T,11(0,0,0,t) = A —L.Fp(t/ty) ¢ <390 35s (50)

Fp(t)=F(\/t)=¢"- /Oﬁeszd.s (51)

The function Fp(#') is shown in Figure 4. The maximum 0.541 occurs for ¢’ = 0.924* =
0.854, (48). From (47) we have for small ¢":

2 4(t')?
Fp(t') ~ V1! (1 iy + (15) ) (t' < 0.64) (52)
When ¢o(t) consists of two exponential components, (5), we have from (50):
CI1 ats L?* B? H?
T,(0,0,0,t) = T —L . Fp(t/t) + /\ FD(t/tQ) t< 92 92’ 354 (53)

For small t/¢; (t; > t;), we may use the expansion (52):

at | q 2t 4<ty g2 2t 4(ty
T, 0,0,t)=y/— |~ |l—-c—4+—=1|— 222 (=
al00,01) \ML( AT R G PR T PS
2 p2 2
3739 9a’ 3.5a
This formula may be used to determine the maximum canister temperature, when the

global and local temperature fields are added, provided that the maximum occurs within
the time limits of (54).

13



5 Local solution for an infinite grid of heat sources

To the global solution we have to add the local solution due to the grid of heat sources in
the rectangular plane of the repository. For internal canisters not to close to the rim of
the repository rectangle, we can consider the grid of canisters as infinite in all directions.

We get the heat sources (11) - (13).
The heat supply Qo(?) is slowly varying in time compared to the time-scale of the local

transient process. We therefore solve the steady-state problems for a constant ()o (and

9o)-
The plane heat sink (13) balances the heat sources of the grid, (11-12). The range

of the local solution becomes quite limited. Therefore we can consider the surrounding
ground as infinite upwards and disregard the boundary condition at z = H. The total

local solution shall tend to zero for large z:

Tiotal local 0 2z — £oo, (55)

Solutions for the plane sink at z = 0, (13), and the line heat source at the consid-
ered central canister, (11), are given in the first two subsections below, while subsequent

sections deal with the infinite grid (12).

5.1 Plane heat sink

The solution to account for the plane heat sink —go at z = 0, (13), is simple. The
temperature increases linearly upwards and downwards from z = 0:

_9o o Qo
Tplane(z) - 2\ ]Z’ - 2/\DD/‘ZI (56)
At z = 0, there is indeed a sink:
dT, lan dTI
Y plane plane -
dz +0 A dz %o (57)
-0

The component Tpiane(2) of the local solution does not fulfill the boundary condition (55).
But the solution from the infinite grid with the balancing heat sources, (12), will decrease

as —Tpiane(z) for large |z|.

5.2 Line heat source from a canister

The canisters release heat over their height —H./2 < z < H./2. In (11-12), all canisters
except the central one are approximated by point heat sources. But for the central
canister at (0,0, z) we have the finite line heat source (11). Its strength is @./H. (W/m).
Integration of point sources dz’ - Q)./H. over the canister height gives:

H/2 1
T'lcan(xvya Z; t) =/ QO

. dz 58
—-H. /2 4Tt AH, 22 + y2 + (2 — 2)? ? (38)

or

T‘lcan(xa Y, z; t) = Z}Q)\’OE— . Tllcan (Q:E/Hm Qy/Hca 2Z/flrc) (59)
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JEP P+ 2P +14 ) (60)

T Z')=1In
0 (Jw )P+ -1+

The dimensionless temperature field 7], is rotationally symmetric around the 2’-axis. It
depends on +/(z")? + (y’)? and 2z’. The isotherms are rotational ellipsoids. The temper-
ature is infinite along the line heat source, ' = y' = 0, —1 < 2/ < 1. The temperature
Tican tends to zero as Qo/(4mAr) for large r.

The isotherms are cigar-shaped ( prolate ellipsoids) near the line heat source. The
canisters have a more or less constant temperature over their boundary, which is essen-
tially a slim cylinder with the height H. and the outer radius R.. The best approximation
between these two problems with slightly different boundary shapes is to take the ellip-
soidal boundary for which the volume is equal to that of the cylinder. From this, Claesson,

Bengtsson (1978), we get the formula:

1 H.
can |boundar - 1

The temperature far away from the line source is zero. The above formula gives the excess
temperature on the canister boundary that must -be imposed in order to obtain the heat
flow Q. The second factor of (61) may be interpreted as the thermal resistance between
the canister and the ground far away (for a single canister in an infinite surrounding):

fZ}can ]boundary -0= QO : Rlcan

1 H.
Rican = 5 n (Rc \/1_3> (K/W) (62)

5.3 Point sources along a line

The last part of the heat sources (11)-(13) to be accounted for is the point heat sources
in the infinite grid (12). We will first in this subsection consider an infinite line of point

heat sources along the y-axis:
Qo at (0,nD,0) n=0,=£1,... (63)

The central heat source at (0,0,0) is here included. The problem is rotationally symmetric
around the y-axis. The distance to the y-axis is p = V2? + 22.
The temperature field Tj(z,y, z) may be obtained as a sum of point heat sources:

Qo 1 °° 1

TI(‘T7y’Z)Z4ﬂ./\ \/2—:_2—{-—_1/2—-{—-7 (\/1:2 —nD +Z2+

1 2
“wp)| Y
\/:v2 (y+nD)?2+22 7
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The first term is the contribution from the central point source, while the sum gives the
point sources on the positive and negative y-axis. The last term —2/(nD) is included in
order to obtain a convergent series. The sum is zero for (z,y,2) = (0,0,0). We may add
any constant to the solution (64), but we choose the constant so that the solution behaves
as Qo/(47Ar) + 0 near r = 0.

The temperature 7; from the infinite line of heat sources is periodic in y with the period
D. We may seek the solution as a periodic Fourier series from separation of variables in

p=+Vz?+ 2% and y. The solution is:

2D o 9 9
T = 55 [a () 42 B () o (52

p=Vz2+22#0 ' (65)

The details of the derivation of this formula are not given here. They will be reported in

a coming study, Claesson (1996). Here, v = 0.5772 is Euler’s constant, and Ky(z) is a

modified Bessel function, Abramowitz, Stegun (1964). The formula is not valid for p = 0,

since In(p) appears in the formula. There is an undefined constant in the series solution.

But it has been chosen so that (65) behaves as Qp/(47Ar) + 0 near r = 0 as in (64). The

“expressions (64) and (65) represent the same solution 7;. The details of this are not given

here. See Claesson (1996)
The modified Bessel function Ko(z) behaves as In(z) near z = 0, and it decreases

exponentially as e for large z.
The temperature field 7; may be written in dimensionless form:

_ QO A
Tl(x’yaz)_2ﬂ_/\D'Tl(p>y) (66)
Here, p’ and y’ are dimensionless coordinates:
¢ =\[z/D)? +(:/D)? v =y/D (67)
The function Tj(p’, 2') is from (64) and (65) given by:
1 ad 1 1 2
2T{(py) = —=—=+>_ ( + - *) (68)
WP+ WP S \JP+ —n)? P+ +n)? "
T/(p',y') =1n(2/p") — v+ 2> cos(2wny’)Ko(2rnp’) (o' > 0) (69)

n=1

The second expression is divergent for p’ = 0.
The function T}(p’,y’) is periodic in y" with the period +1. From (68) we have near
r=0:
7 1 7
T -55] =0 =R (70)

The series in n in (69) converges rapidly for large p’, since K, tends to zero exponentially
for large arguments. A few values of Ky are: Ko(7) = 0.030, Ko(27) = 0.00092, Ko(37) =
0.000033. We have with very good accuracy the following approximate expressions:

T/ ~In(2/p)) =y p'>15 (71)
T} ~1n(2/p") — v+ 2cos(2ny’ ) Ko(27p') 05<p' < 1.5 (72)
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5.4 Infinite grid of point sources

In the next step of our analysis we consider an infinite rectangular grid of point sources
in the plane z = 0. See Figure 5. The central point (0,0,0) is included.

v
i

Qo (W) at (mD',nD,0)

m,n = 0,+1,...

DI
————y

D

Figure 5. Infinite rectangular grid of point heat sources in the plane z = 0.

The solution is obtained as a sum of lines of point heat sources. We have:
Toria(z,y,2) = Ti(z,y, 2 Z [Ti(z = mD',y,2) + Ti(z + mD',y, z) — 2Ty (mD", 0,0)](73)

The sum in m is the contribution from points along the lines 2 = £mD’. The value at
Ti(+mD’,0,0) is subtracted for each line in order to ensure convergence.

In (73), we may insert (64) or (65) for 7). The second expression has much better
convergence properties, since Ko(z) decreases at least exponentially with z. Using (65),

we have:
Tgrid(‘ra Y, Z) = T[(IL', v, Z) + T2I,sur(ma Z) + Tg'rid,K (74)

Here, the sum for T,y is divided into three parts. The first part 7} is the contribution
from the line of heat sources along the y-axis. The second part is the sum of logarithms
in (65) from the surrounding lines m = +1,+2,.. . The third part is the double sum in
m and n involving the Bessel functions Ky. We have:

< mD’ mD’
Tot sur = In : (75)
21 2m /\D Z (\/(:c—mD’)2+z2 \/($+mDI)2+22>

2rny 27rn\/(:c —mD")? + 22
T, T (
grid.K = 2AD n;,; ( ) 1‘0( D *
i 27rn\/(:£ +mD")? + 22 2rnmD’
V@ =—mD2 42240 (m=+1,42,...) (76)
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The double sum involving Ky converges very rapidly. The smallest argument in Kj
is obtained for z = D’/2 (for —=D'/2 < 2 < D'/2), z =0, m =1 and n = 1. Then
we get Ko(nD'/D). We choose D' > D, which means that the smallest argument of
Ko is m. In the KBS-3 case, (6), the smallest argument becomes 7 - 25/6 = 13.1 and
K5(13.0) ~ 0.0000014. Then the double series is completely negligible. It is a very good
approximation in our applications to neglect Ty,;q x:

Tgrid,f\’ ~0
Tg“’d ~ T + T2l,sur (D, > 3D) (77)

The second term of (74) involves the sum (75) of logarithmic terms. These logarithms
are independent of y. They represent two-dimensional line sources in the (z,z)-plane.
This part is analysed in the next section.

5.5 Line of two-dimensional point sources

An infinite line of point sources Qo (W) with a spacing D may at a certain distance from
the line be approximated by a continuous line source with the strength Qo/D (W /m)
along the line. The corresponding temperature becomes

Qo 1
T = . In constan 78
27( )\D 1 P stant ( )

Here, p = v/z? + 22 is the distance to the line. This approximation is valid for 7} with

very good accuracy for p' = p/D > 1.5, (71) and (66).
Let us now consider an infinite row of two-dimensional point sources along the z-axis
in the (z,z)-plane. See Figure 6. This means that we replace the tunnels with heat

sources at a spacing D by line sources with the strength Qo/D (W/m) along the tunnel.

Qo/D W/m at z=mD',2=0 D

m=0,+1,42, ..

Figure 6. Infinite row of two-dimensional point sources in the (z, z)-plane.

The temperature field from this two-dimensional problem becomes:

NN S S DR !
Tulz,z) = 27AD {l (\/x2+22>+:;1 {1 (\/(x—mD’)2+Z2)

1 1
+ In (\/(:v-l-mD‘)?—{—z?) _2.1n<mD,> +A1} (79)
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The sum in m gives the contributions from the line heat sources surrounding the central
one. The values from these at z = 0, z = 0 are subtracted in order to assure convergence.
This problem, Figure 6, is a fairly wellknown one in electrostatics and in the theory of
analytical functions. An alternative, closed-form expression exists:

_ Qo (271'2) (27rac)
Ty(z,z) = 5D In |{/cosh o cos | (80)
The constant A; is determined by considering the limit (z,z) — (0,0) in (79) and (80):

1 2 . 9 1 1(27&'2’)2 1(271':1:)2
2ln(x +22) 40+ 4 = 21n<1+2 o) to=lts(Gr) +oe) (6D

et )

From (79-80) and (82), we get an expression for the sum of logarithms in (75). We have:

or

(o9}

mD'’ mD’
Z In . =
m=1 \/(x—mD’)2+22 \/x-{—mD’)?«}-z?

| [ 2V 2% + 22
n

83
D’\/Z(cosh(Qﬂz/D’) — cos(2xz/D") (83)

From (83) and (75) we get:

Qo 2r\/x? + 22
Ty eur(, 2) = .1 84
21, ( ) 2'mA\D n (D’\/Q(COsh(27TZ/D,) — cos(QWI/D/))) ( )

The final expression for Tj,;q for the infinite rectangular grid of heat sources, Figure
5, is given by (77), (65) and (84). In this approximation, the line of point sources at
z = 0 is retained, giving Tj(z,y, z), while all other lines for £ = £mD’ are replaced by
continuous line sources parallel to the y-axis with the strength ¢)o/D. The error involving
this approximation is very small for D’ > 3D. It is completely negligible in the KBS-3

case with D’/ D = 25/6.

5.6 Total local solution

The total local solution shall account for the balanced heat sources (11)-(13). It shall also
satisfy the boundary condition (55). Adding the solutions for the line heat source (11) of
the central canister, the infinite grid (12) and the plane heat source (13) we have:

Qo

zwloc - fZ-'lca.n + Tgrid - m + Tplane + Aloc (85)

The solution Ty, included the central point source at (0,0,0), which is to be excluded,
since Tj.q4n gives a more precise value for the actual line source along the canister. The
temperature from the infinite grid is given by the two components (77):
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Tgrid = T’l + T21,sur (86)

Thus we have:

Qo
T’loc = Tlcan + ]11 - M + T2l,sur + Tplane + Aloc (87)

The four temperature fields are given by (59-60), (65), (84), and (56), respectively. We
get the following explicit expression for T),.(z,y, 2):

Qo Vet +y? o+ (Hef2+2) + Ho/2+ 2 Qo
EOC: AH 'ln 2 - A 2 2 2
AmAH, \/;2+y2+(Hc/2—z) —H 24z AmAVEEFyitz

o 2 2
n Qo In 2D P Z cos <27rny> K, 2rnVz? + z
2w AD Vi + 22 1 D D

27 Vz? + 22 r{zlJ
+ln | —- + —| + Al (88)
(D \/2 [cosh (27z/D') — cos(wa/D’))]) D I

The constant A;,. is determined by the boundary condition (55). We have for z — +oo:

5 () 0]+ e -
T,oc—>0+2m\D In(2D) —~y+0+In o +0| + Ap.=0 (89)

The term In(v/z2 + 22) in (88) cancels. The term involving |z| balances the term involving
Iny/2 [cosh...] in the considered limit. The constant A;,. becomes:

Aioe = 27301) {7 +lo (451))} (90)

The largest term in the square root involving cosh(27z/D’) is the exponential of
27|z|/D’. The logarithm of this term balances the term involving |z| in (88). Using
this and (90), the final most compact expression for Tj,, (88), is:

Q_ (\/:v2+y2+(Hc/2+z)2+Hc/2+z N
4TAH, Vot +y? 4 (Ho/2 —2)" — Ho[2 +

Qo > 2rny 2rn\/z? + 22 D
2 Z cos ( ) Ky -
27AD | o D D 2/x? +y? + 22

1 ' 2 /
—3 In [1 — 272D o8 (——];L/ai) + e~4rl=l/D ” (91)

I’loc =
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5.7 Canister temperature

The temperature at the canister boundary or envelope is of particular interest. The total
local solution is given by (87) or (88). The contribution from the line source at the
envelope of the considered central canister is given by (61). The next two terms in (87)
represent the line of sources along the y-axis with the central source subtracted. This part
is by construction zero at the center (0,0,0). See (64) and (70). The contribution from
the adjacent lines, T ., is also by construction zero at (0,0,0). See (75). The linear part
Totane, (56), is zero at z = 0. The temperature at the envelope of the canister is given by
the constant Aj,. and the expression (61). We have the important formula:

QO Hc QO DI
canister envelope ~ OTAH. “In RV + 50 )7 +1In D (92)

6 Total temperature field

Tioc

The total temperature field ( above the undisturbed ground temperature) due to all heat
sources is equal to the sum of the global temperature (26) and the local one (87-88):

T(z,y,2,t) = Ta(z,y, 2,1) + Tioe(2, 9, 2; 1) (93)
Here, T, is given by the integral (26):

\Jate/™ t/to _
Tgl(xay727t) = 4;1)021 AFQO (t —tosz) . }:erf (Siza_t_g) +e f<8L Z—a{:o):l .

B — Y B + Y [ —22/(524at0) —(z—2H)2/(sz4ato)]
{erf (s%) + erf (s\/Za_toﬂ e e ds (94)

Here, t5 is any time. The heat release per canister, Qo, is used in the integral. In the case
of exponential heat release, (36), (38), equations (37) and (39) are to be used.
The local temperature T}, is given in Section 5.6. Using the most compact expression

(91), we have:

T}oc =

e SOSRN
Am\H, Va2 +y? 4 (H )2 —2)' — H.J2 + 2

(L[ (55 0 (55)] -5

D SN

—3 ln [1 —2e=21ID" . cos (212 /D) + e“mzl/D'” (95)

2/\D

The whole field is proportional to the heat release (Jo(t). The remaining part is time-
independent in our quasi steady-state analysis. This part T},./Qo(t) consist of three fields
( and the simple 1/r term). Each of these fields depends on two dimensionless spacial
variables only. The first field is essentially the ellipsoidal or cigar-shaped field T7,,,., (60),
from the line heat source of the central canister. The second field involving the Bessel
function K, is due to the line of heat sources along the y-axis, (69). The third field
accounts for the line sources of adjacent tunnels. It is essentially the sum of 7% 4, and

Tpla.ne -
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7 Formula for canister temperature

The largest temperatures at the canisters occur for canisters at the center of the repository.
We consider the central canister at (0,0,0). The total temperature at the envelope of the
canister is the sum of global and local temperatures. The undisturbed ground temperature

Trepo is also added:
Tcan(t) = Tgl(ov 07 Oa t) + QO(t) . Rloc + Trep,O (96)
Here, T, is given by (42):

\Jato /T t/t
T45(0,0,0,t) = O// 0 —tosz)-erf( L )

ADD’ sv/4datg

erf (a/%%> - [1 _ (S “to)J ds (97)

In the one-dimensional case, when the mirror source may be neglected, we have from (43):

\ato/m p/tlt L?* B* H?
— t,52 - = =
Ta(0,0,0,1) = Y=+ / Qo(t—tos”)ds < o o Tm (98)

When Qo(t) consists of two exponential components, (5), we have, (53):

Ql /atl QQ /atg L2 B2 H2
Tgl(oﬂo)o)t) )\D.DI FD(t/tl) /\DDI FD(t/t2) t< ga’ 9073.561 (99)

Here, the function Fp is given by (51):
7 \/27 2
Fp(t')=e* / e*ds (100)
0

The constant Ry, in (96) is given by (92):

1 H, 1 D'
Ry = AL -In (Rc\/l_j—) + 5D {7+In (4%1))] v =0.577 (101)

The factor R, (K/W) is multiplied by @Qo. It may be interpreted as the thermal resistance
between the canister envelope and the rectangle z =0, —D'/2 <z < D'/2, =D/2 <y <
D/2, where the heat Qo is absorbed by the heat sink go = Qo/(DD’). See Figure 2.

8 A numerical example

We will here illustrate the derived solution with a few numerical examples. A more
systematic use of the solution for the KBS-3 application is deferred to another study.
The data (6) is used. The heat release from each canister is given by two exponentials:

Qo(t) =750 - e~/ +250. ¢7W%2 (W) =46y t, =180y (102)
The initial effect Qo(0) is 1 kW.

The time-scales for a one-dimensional solution without mirror heat source are given
by (32). At the center z = y = z = 0, the upper limits on ¢ become:
L? B? 5007 H? 5002
= = s=1400y  (103)

9 " 92 " 9.162.10-6° =Y 33,735 162 10
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8.1 Global temperature
Formula (53) for 7,(0,0,0,t) is valid during the first 540 years, (103). We have:

750 1.62-10-6 - 46 - 365 - 24 - 3600
T,,(0,0,0,¢) = T 25/ - - Fp(t/t,)+
250 1.62-10%- 780 - 365 - 24 - 3600
- Fp(t/t
+3.5-6-25\/ - p(t/t2)

or
T,(0,0,0,t) = 39.07 - Fp(t/t1) + 53.63 - Fp(t/ts) t < 540 years (104)
The function Fp(t') is defined by (100) and shown in Figure 4. This global temperature
at the center of the repository is shown in Figure 7. For times larger than 540 years, the
more complex integral (44) is evaluated numerically for the two decay times ¢; and t,.
The temperature increases rapidly during the first ten years, Figure 7, top left. The
maximum temperature 34.8 °C occurs after 82 years. There is a second maximum of 34.4
°C at t = 380 years, and an intermediate minimum 34.0 at ¢t = 206 years. See Figure
12 which shows the region of highest temperatures with higher resolution. Actually,
the temperature lies between 34 and 35 °C for 51 < t < 530 years. It lies above 30
°C for 25 < t < 930 years. The temperature decreases quite slowly for large times.
The temperature is 28.5, 16.0, 4.6 and 0.8 °C for ¢ = 1000, 2000, 4000 and 8000 years,
respectively. A few values of 7,(0,0,0,t) for the data (6) are:

t (years) 0 100 20 25 30 50 82
T,,(0,0,0,1) (°C) | 0 22.3 284 300 315 311 348
t (years) 206 390 930 1000 2000 4000 8000
T,1(0,0,0,1) (°C) | 34.0 344 30.0 285 160 46 08

Figure 8 shows the global temperature along the z-axis, i.e. along the vertical line
through the center of the repository. The profiles show the thermal range at increasing

times.
Figure 9 shows the temperature field in a vertical cross-section y = 0 at a few times.

The region around the edge z = 500 and z = 0 is shown in greater detail in Figure 13
for t = 100 years. Temperature profiles along the z-axis are shown in Figure 10. The
temperature field in a horizontal cross-section at the level z = 0 of the repository is shown

in Figure 11.

8.2 Canister temperature

The resistance Rj,., (101), becomes:

Rioe = 5 :1.5 B <0.4\5/IE> T §.5 6 [0'577 i (4:5-)6” -
= 0.02113 — 0.00399 = 0.01714 K/W (105)
The total canister temperature (96) becomes:
Tean(t) = T,(0,0,0,¢) + 17.14 - (0.75e_t/t1 + 0.256-”“) +15 °C (106)

This temperature is shown in Figure 14. The largest temperature 58 °C occurs for t = 43
years. The maximum is very flat.
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Figure 7. Global temperature at the center of the repository, (104), (99) and (44), for
time spans from 50 to 8000 years.
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Figure 8. Global temperature, (44), along the z-axis at different times.
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Figure 9. Global temperature, (44), in a vertical cross-section, y = 0, at different times.
The isotherms are ( counted from right to left) 1, 5, 10, 15, 20, 25 and 30 °C.
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Figure 10. Global temperature, (44), along the z-axis at different times.
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Figure 11. Global temperature, (44), in a horizontal cross-section z = 0 at different times.
The isotherms are ( counted from right to left) 1, 5, 10, 15, 20, 25 and 30 °C.
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Figure 12. Global temperature, (44), at the center of the repository during the time of
highest temperatures.
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Figure 13. Global temperature, (44), in a vertical cross-section for ¢ = 100 years. The
region around the edge of the repository in Figure 9, top left, is shown in greater detail.
The isotherms are ( counted from right to left) 1, 5, 10, 15, 20, 25 and 30 °C.

29



30 I 1
0 10 20 30 40 50 60 70 80 90 100
t (years)
60 T T T T T T T T T
55 -
50 .
45 -
40 .
35r b
30 - | ! 1 I L 1 1 I |
0 50 100 150 200 250 300 350 400 450 500
t (years)

30 1 L 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t (years)

Figure 14. Canister temperature, (106), for different time spans (in °C including the
undisturbed temperature Tyep = 15 °C).
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